According to the postulates of the special theory of relativity (STR), physical quantities such as proper times and Doppler shifts can be obtained from any inertial frame by regarding it as isotropic.
I. INTRODUCTION
Presupposing a preferred reference frame which is isotropic so that the speed of light is invariant irrespective of its propagation direction, Mansouri and Sexl (MS) suggested a general framework for the transformation between the isotropic frame and an inertial frame [1] . Based on the MS general framework, numerous experiments associated with time dilation or the Doppler effect [2] [3] [4] [5] [6] [7] [8] [9] have been carried out to test the validity of the special theory of relativity (STR) which postulates the principle of relativity and the constancy of the speed of light [10] . According to the postulates, any convenient inertial frame with respect to which relative velocities are readily obtained can be selected to be a preferred frame in which the speed of light is considered to be isotropic. The experimental results have shown to be in agreement with the predictions of STR, which may have led to the firm belief that STR has been experimentally verified.
In the STR, all inertial frame are equivalent and isotropic according to the postulates. Hence there are an infinite number of isotropic frames. Recently the relationship of time dilation and the formula of the Doppler effect have been derived under the uniqueness of the isotropic frame by exploiting the MS framework [11, 12] . The unique isotropic frame is the preferred reference frame. In this paper, a theory based on the uniqueness of the isotropic frame is referred to as the preferred frame theory (PFT). Using the derived results and introducing the standard synchronization into inertial frames, we examine the validity of the postulates of STR in terms of proper time and the Doppler effect, particularly focusing on the equivalence of inertial frames.
Proper times and Doppler-shifted frequencies, which are independent of the synchronization of clocks [2, 3, 11, 12] , can be obtained by regarding any inertial frame as isotropic. Nonetheless, their values are demonstrated not to be uniquely determined unless the isotropic frame is unique. As a matter of fact, it is easy, as shown in Section III, to prove that the equivalence of inertial frames under the constancy of the speed of light is mathematically infeasible. If two velocities are non-collinear, the Mocanu paradox that the velocity composition law of STR is inconsistent is caused [13] [14] [15] . It results from the mathematical infeasibility. In addition, the constancy of the speed of light disagrees with the experimental result of the generalized Sagnac effect [16, 17] , which clearly indicates the anisotropy of the speed of light not only in rotating frames but also in inertial frames [11, 18] . On the contrary, the PFT with a unique isotropic frame is consistent with the experimental results, including the generalized Sagnac effect, for the test of STR and it has no contradictions and no paradoxes.
Despite the infeasibility, the predictions of STR have been in agreement with numerous experimental results of time dilation or the Doppler effect. The reason for the agreement is explained.
Though the postulates of STR are mathematically infeasible, the Lorentz transformation (LT) itself, if not subject to the postulates, is a very useful method, which can make mathematical manipulation easy and which needs only relative velocities between inertial frames without requiring the absolute velocities with respect to the preferred frame. We discuss the usefulness of LT, together with its limitation. It is shown that LT can exactly obtain some physical quantities, such as proper time, which are independent of the synchronization of clocks.
Neither special relativity nor general relativity could have consistently dealt with the Sagnac effect.
Though a variety of explanations and analyses on the Sagnac effect are available based on these theories [19, 20] , even the problem of time gap that multiple times are defined at the same place in the rotating frame has not been resolved. The generalized Sagnac effect [11, [16] [17] [18] 21] that shows the anisotropy of the speed of light in inertial frames as well may be a more perplexing conundrum to the theory of relativity based on its isotropy. We demonstrate, as an example to show the usefulness of LT, that the difference between the travel times of counter-propagating light beams in the experiment of the generalized Sagnac effect can be exactly obtained by exploiting it. Though LT can exactly discover some physical quantities, it cannot for some quantities such as spatial coordinates even if they are irrelevant to the clock synchronization. We investigate, through numerical calculations, how accurately LT can find spatial coordinate vectors.
The conclusions of the paper differ substantially from those of other articles, e.g., Refs. 15 and 22-24, which employ the Thomas rotation to explain successive transformations. According to this other point of view, no inconsistency is present in STR once the Thomas rotation is properly taken into account. It is discussed in Subsection III.2 why this standard treatment cannot be considered a satisfactory solution of the problem.
II. GENERAL TRANSFORMATION BETWEEN INERTIAL FRAMES
This section presents a general transformation between inertial frames, together with the equations of time dilation and of the Doppler effect, based on the MS framework under the uniqueness of the isotropic frame. The preferred reference frame S is isotropic so that the speed of light is a constant 
with I an identity matrix.
Using Eq. (3), one can find the transformation between arbitrary inertial frames i S and j S :
where
From Eqs. (4), (5) , and (7), ) , (
Note that the transformation between i S and j S is dependent on both i
It is easy to see from Eq. (10) that ji
Note that the direction of ji  is independent of i  and j  whereas its magnitude is
It is well known that proper time (PT) is independent of the synchronization of clocks. We use a subscript '  ' at PT, say factor, which makes a connection between PT and AT, and it is given by [12] ) , ( | ) , ( 
. Substituting the ) ( j dp into the differential form of Eq. (6) with subscripts i and j interchanged yields
where c 1 | A denotes the first column of a matrix A . The differential vector ) (i dp can be generally expressed as
Equation (14b) results from the fact that the normalized velocity of
Comparing Eqs. (13b) and (14b), the differential PT of
From Eq. (13a),
, which is written using Eqs. (14b) and (15) as 
The Doppler-shifted frequency j  as seen in j S is written as 
III. UNIQUENESS OF THE ISOTROPIC FRAME
The STR postulates the principle of relativity and the constancy of the speed of light. All inertial frames are equivalent and isotropic according to the postulates so that there are an infinite number of isotropic frames. Equation (3) represents a general transformation between the isotropic frame S and an inertial frame. The STR and the PFT see it differently. In PFT, only S is isotropic and it is the preferred reference frame. On the contrary, in STR, any inertial frame, which is regarded as isotropic, can play the role of the preferred frame. In this section, the frame that is actually isotropic is shown to be unique. However, there are many experimental results of time dilation or the relativistic Doppler effect that agree with the predictions of STR. Introducing the standard synchronization into inertial frames, we present the equations for PT and the Doppler effect under PFT and explains the reason for the agreement. Furthermore, it is shown that STR has many inconsistencies.
Uniqueness of physical quantities and uniqueness of the isotropic frame
We employ the coefficients in Eq. (3) that STR has suggested: standard synchronization, the transformation matrix
It is easy to see that
. Recently a coordinate transformation, called the transformation under the constant light speed (TCL), between a rotating system and the isotropic S has been suggested [18] . A transformation between l S and S can be derived from TCL through the limit operation of circular motion to linear motion. The derived transformation has the same form as an inertial transformation [25] . The same transformation can also be obtained through the LT of the world lines of inertial observers [26] . The inertial transformation matrix is identical to Eq. (4) with Eq. It is convenient to introduce a partitioned matrix to be used in place of transformation matrices:
where 11 A is a scalar quantity. Let ) , ( 
Equations (23) and (24) lead to
 is written from Eqs. (10) and (19) as
The velocity ij 
It is worth noting that Eq. (26a) is valid even if subscripts i and j are interchanged. The first row of A is written from Eqs. (22) and (23) 
The frequency is a physical quantity representing the reciprocal of the period of the sine wave, which is obviously irrelevant to the clock synchronization. 
Inconsistencies in STR
In STR, coordinates between inertial frames are related by LT. A coordinate vector
Lorentz-transformed into j S and then the resultant vector
Equation (28) 
where These inconsistencies result from the non-equality
though the standard synchronization is adopted into both i S and j S . Any inertial frame can play the role of the preferred frame in STR. If k S is selected as the preferred frame, accordingly the equality 
It is easy to see that Eq. (25) The paradox has been explained by resorting to the Thomas rotation [14, 15, [22] [23] [24] 28] . Let 
For the resolution of the problem of the non-equality, a Thomas rotation is employed such that
where the spatial rotation matrix ) , ( 
Inconsistencies in STR remain regardless of the introduction of the rotation. 
(38b)
The PT and the Doppler shift in j S can be obtained from relative velocities, as shown in Eqs. (26a) and (27a). The composition operation is not associative [15] . Thus 
for every i  , j  , and k  . The relationship of Eq. (39) leads to the PT, the Doppler shift, and the spatial vector having unique values from frame to frame irrespective of the clock synchronizations.
Empirical evidences
There are many experimental results of time dilation or the Doppler effect, which have been known to agree very well with the predictions of STR [2] [3] [4] [5] [6] [7] [8] [9] . It is usually stated that STR has been experimentally confirmed. As a matter of fact, the experimental results are the evidences for PFT, rather than STR, because the equivalence of inertial frames under the light speed constancy is mathematically infeasible. Even the analyses of experimental results have often been made based on PFT under a unique isotropic frame [2, 3] .
One way to prove STR and to disprove PFT is to experimentally show the isotropy of the one-way speed of light [3, 4] . To the end, the variation of the Doppler effect can be measured as it is a function of the one-way speed. The underlying idea of isotropy tests seems to be that if PFT is correct, the Doppler-shifted frequency will vary according to the velocity of a measuring apparatus with respect to the preferred frame S . In the isotropy test, the apparatus is placed on a rotating platform or the surface of the Earth. For example, when a test is performed to observe possible sidereal modulation on Equations (26) and (27) 
The first rows of ) , (
. As a result, the predictions of STR become incorrect.
Though empirical differences between STR and PFT may not be seen from PTs, Doppler shifts, and two-way speeds of light, we can see them from the one-way speed of light. Of course, we may be unable to carry out experiments to directly measure the one-way speed because of the problem of the synchronization between distant clocks. However, we can know the speed by analyzing some empirical results related to it. The global positioning system (GPS) has been known to provide very accurate position and time information by compensating for relativistic effects [20, 30] . The GPS positioning implicitly needs the one-way speed of light to find the information. Thus, it can be calculated from the GPS navigation equations, which shows that the speed of light is anisotropic in the Earth frame [31] . It is known that the so-called Sagnac correction due to the Earth's rotation should be made for accurate information. In fact, the correction is needed on account of the anisotropy of the light speed. The Sagnac effect has been observed in inertial frames as well as in rotating frames [16, 17] . The generalized Sagnac effect that involves both linear and circular motions can be analyzed based on TCL [18] . We can also make an analysis of the effect by using the MS framework [11] , taking account of the motion of the laboratory frame. These theoretical analyses, which correspond with the experimental results, indicate that the one-way speed of light is anisotropic in inertial frames as well as in rotating frames. The inertial transformation [18, 25, 26] , which is consistent with PFT, shows the anisotropy of the speed of light as well.
IV. LORENTZ TRANSFORMATION AND ITS USEFULNESS
As explained in Section III, the isotropic frame is unique. Exact physical quantities can be obtained through the ET. However, though the ET requires the absolute velocities i  and j  with respect to the preferred frame S , they are unknown. On the contrary, the LT needs only the relative velocity ji  to make the transformation from i S to j S . Besides, it can allow us to readily approach physics problems by easy mathematical manipulation. The LT should be used, but without the postulates and with its exact meaning and its limitation. With this viewpoint, we investigate physical quantities that can be exactly obtained by LT. The spatial vector from LT is not exact. We examine how accurately LT can provide it, through numerical calculations.
Exact physical quantities obtainable
Though generally
A is expressed from Eqs. (5), (8), (9), and (19) as (11), (19) , and (40) as ) 1 (
As ji  is a linear combination of i  and j  , it is obvious that
From Eqs. (29), (42), and (43), 22 22 
Usually the LT has been used under the collinear condition, which may have led to the misunderstanding that STR is consistent despite The generalized Sagnac effect, in which fringe shifts are observed by the difference between the travel times of two counter-propagating light beams traversing an optical fiber loop, can also be solved by using LT. Special relativity and/or general relativity cannot consistently explain the Sagnac effect even if it does not involve uniform linear motion [19, 20] . Even the speed of light in a rotating frame has remained unsolved under the theory of relativity based on the constancy of the speed of light.
However, as exact spatial lengths and PTs are calculated from LT, the exact time difference can be obtained.
In the experiment of the generalized Sagnac effect [16, 17] , an optical fiber loop rotates together with the light source and detector at a normalized speed of  with respect to the laboratory frame, which can be considered to belong to an inertial frame i S 
The squared magnitude of ) ( j dx is given from Eqs. (44) and (45) travel in opposite directions, 
The total time difference Fig. 3 . Additionally one can see that the error increases with an increase in  .
Numerical examples
In Fig. 4 for every  .
V. CONCLUSIONS
The STR has suggested the time relationship ( Despite the infeasibility, LT must be a useful method to approach physics problems, as can be seen from the remarkable achievements that STR has shown so far. The exact physical quantities can be The useful LT should be utilized, but with its exact meaning and its limitation. We cannot use it under the postulates of STR, which cause inconsistencies and paradoxes. The STR results in Eqs. (30) and (31) is introduced, the standard-synchronized frames may be considered equivalent so that the representation for physical laws can have the same form in each of them. As a matter of fact, as far as kinematics is concerned, the Galilean transformation conforms to the equivalence of inertial frames and so the preferred frame would not be revealed, though simultaneity is absolute. However, it is in disagreement with the experimental results of time dilation. Nature itself reveals the preferred reference frame. 
